ABSTRACT: The dynamic stability of thin, clamped, composite circular cylindrical shells is studied for combined axial and torsional loading. Each load is taken to be harmonically varying; the frequencies of the two loads differ, in general. For 
INTRODUCTION
STRUCTURAL COMPONENT subjected to loads periodic in time may undergo Aan unstable dynamic response termed parametric resonance. This instability is considered dangerous because for a given load state it occurs over a range or ranges of forcing frequencies. In this article, the parametric resonance problem is studied for a layered composite circular cylindrical thin shell having clamped ends. The shell is subjected to a combination of harmonic axial and torsional loads having different frequencies.
A number of recent studies of the dynamic stability of composite plates are available; composite shells, however, have received less attention. Among the works on composite plates, References [1] - [5] are given, in which additional references are contained. Plates having general layering and subjected to harmonic undirectional loading are studied in Reference [1] . A nonlinear study, including damping, of antisymmetric cross-ply plates is given in Reference [2] . Studies of the effects of shear deformation are given in References [3] - [5] . In References [3] and [4] , combinations of harmonic loads having the same frequency are considered. The dynamic stability of composite shells has been studied in References [6] - [9] for harmonic axial loading, and in References [10] and [11] for harmonic pressure loading. Parametric resonance induced by torsional loading alone has been studied for isotropic beam-type structures in Reference [12] . A study is given in Reference [13] [3, 4] , to the author's knowledge no analogous work exists for composite shells subjected simultaneously to axial and torsional loading. The previous work on shells [6] - [11] outlined above all treat various non-combined loading cases. In previous work by the author [7] - [9] , pure axial loading is considered and the first order principal regions of parametric resonance are studied. In the present article, the load case treated in References [7] - [9] Figure 1) . The shell is loaded by harmonic axial and torsional loads (per unit length), respectively given by (3)- (5) are assumed in the form of Fourier series with respect to x given by where k is the circumferential wave number, i is the imaginary unit and the Fourier coefficients Ao , An' Bn , Co , etc. are functions of time.
The shell is taken to have clamped supports. As is well known, there are four different types of clamping conditions. Here the following case is studied (commonly designated Case C 1, [14] ).
The assumed solutions [Equation (6) ] may be made to satisfy these boundary conditions through proper differentation of the Fourier series (see Reference [15] ). Specific details can be found in Reference [8] .
Substitution of Equation (6) and appropriate derivatives into Equations (3)- (5) The method is quite numerically intensive since the N X N system (13) must be numerically integrated N times over interval T. Here a single pass scheme is adopted [18, 19] which results in reduced, although still high, computation time.
NUMERICAL RESULTS
Numerical results describing the stability of boron epoxy shells having fiber reinforced layers are presented in this section. The Figures 2-4 for pure axial loading, pure torsional loading, and combined loading, respectively. In Figures  2 and 3 , the minimum critical buckling loads are normalized as Po;' and Po2' refer to the static buckling loads for the circumferential wave numbers which yield the minimum load values. In the combined loading case, the axial and torsional loads are taken to be applied in the ratio of their critical values when applied separately. Specifically, in Figure 4 , where Pi(0) and PZ (9) are the values from Figures 2 and 3 , respectively. The critical value of P, is then calculated for loads applied in this ratio. The critical load pairs in Figure 4 are normalized as in the previous figures. Specifically,
In Figures 5 and 6 , features of the first order principal region of parametric Figure 5 gives the normalized lower branch parametric resonance frequency corresponding to w, and Figure 6 gives the corresponding normalized width of the region. The calculations are made by use of Equation (11) . For each load case the shell is taken to be subjected to static and dynamic load magnitudes equal to .3 times the critical values given in Figures 2-4 . Thus, the shell is subjected to constant static loading and superimposed harmonic loading. The frequency values in Figure 5 are non-dimensionalized as in [6] :
In Figure 6 , S2 denotes the normalized relative widths of the instability regions. Denoting 0' as the lower branch value and S2&dquo; as the corresponding upper branch value, So is defined as:
The circumferential wave numbers, k, in Figures 5 and 6 are those which yield the lowest frequency regions. Table 1 gives the fiber orientations and the corresponding wave numbers for the three load cases.
In Figure 5 , it is seen that the lower branch frequency value for each load case is quite affected by the fiber orientation. Likewise, in Figure 6 , the relative widths of the instability regions are also quite affected by 0. Also, the three curves in Figure 5 each vary in the same general way with 0. However, in Figure 6 , the three relative width curves have somewhat different character from one another. This is especially apparent for 0 = 15 ° to 9 = 35 where the pure torsion region remains quite narrow, whereas the widths for the other two load cases are increasing. It should also be observed that although 0 > 60 is a good choice of orientation if one wishes the instability frequencies to be relatively high, the widths of the pure torsion and combined load regions achieve their largest values in this range. Also, the pure axial buckling loads are relatively low for 0 > 60. In general, overall analysis of the shell would be based on a number of factors including the expected forcing frequency range, the expected load magnitudes and whether torsion, axial and/or combined loading is expected.
In Figures 7-10 72. The quantity q in the figures defines the applied dynamic load magnitude and is given by the ratio P,,/P~&dquo; or P~/P~'. The minimum natural frequency was found using Equation (12) to occur at k = 9. The first three normalized natural frequencies for k = 9 are WI = 147.9, w2 = 301.6 and W3 = 396.9. The instability of the shell, for k = 9, in the frequency range covering approximately 6 times its lowest natural frequency is studied in the figures for the following frequency cases: MI = m2 = I; MI = 1, m2 = 2; m, = 2, M2 = 3; m, = 3, m2 = 2. The results in these figures were generated using the monodromy matrix technique described in the previous section. Load-frequency space was swept using a frequency iteration value of OSl = .45. More exact location of the instability regions was determined by refinement in the vicinity of the branches. Very narrow instability regions having widths less than about .45 are not shown since damping in the system would most likely prevent them from being physically realized. The principal regions of parametric resonance can also be determined by Equation (11) for the m1 = m2 = 1 case and so was used as a check. It was found that Equation (11) gave principal regions nearly identical to those shown in Figure 7 . In all four figures it can be seen that only principal and sum combination resonances occur for this shell; difference combination resonances did not occur. Also, only sum combination resonances corresponding to odd-even frequency mode pairs occurred. In all cases, the instability regions were bounded by almost exactly straight lines.
In Figure 7 the common frequency case is studied. There it is seen that the widest regions are those of principal parametric resonance corresponding to the second and third natural frequencies. The first (lowest frequency) combination resonance is very narrow but the second combination resonance is about twice as wide as the lowest principal region. The normalized frequency range from 600 to 800 is more dangerous from the standpoint of parametric resonance than the lower frequency range.
In Figure 8 , a case in which the torsional loading is applied at twice the frequency of the axial loading is given. The left vertical scale gives the frequency of the axial loading, and the right vertical scale gives the frequency of the torsional loading. It is seen that principal parametric resonance occurs when the axial loading frequency is near 2-W,, 2 (&eth;2, and 2 W3, and sum combination resonances occur when the torsional loading frequency is near &1 + (&eth;2 andw2 + (&eth;3' The widths of the principal regions are about the same as in Figure 7 , but the combination regions are less wide than in Figure 7 . Although the combination regions are fairly narrow, in this frequency case they cluster near the 2-W, region to cause a relatively unstable range of load frequency space.
In Figures 9 and 10 two additional frequency cases are presented, m, = 2, m2 = 3 and mi = 3, m2 = 2, respectively. In both these cases the 0)1 + w2 region becomes very narrow and so is not shown. Also, as in Figure 8 , the principal regions occur at the appropriate axial loading frequencies, and the combination resonance occurs at the appropriate torsional loading frequency. Comparing to the common frequency case, Figure 7 , all the regions in Figures 9 and 10 are less wide than their counterparts in Figure 7 except the 2-W, region in Figure 9 . Also, the instability regions do not tend to cluster as in Figure 8 . Roughly, it can be said that the m, = 2, M2 = 3 and m, = 3, M2 = 2 frequency cases would be less likely to induce instability than the prior two cases.
CONCLUSIONS
The dynamic stability of clamped composite shells subjected to combined harmonic axial and torsional loading has been studied. Plots were given describing the effect of fiber orientation on the lowest first order region of principal parametric resonance. Stability diagrams covering about 6 times the lowest natural frequency have been constructed for various load cases. Principal and sum combina-
